A distinguishing r-labeling of a digraph G is a mapping λ from the set of vertices of G to the set of labels {1, . . . , r} such that no nontrivial automorphism of G preserves all the labels. The distinguishing number D(G) of G is then the smallest r for which G admits a distinguishing r-labeling. From a result of Gluck (David Gluck, Trivial set-stabilizers in finite permutation groups, Can. J. Math. 35(1) (1983), 59-67), it follows that D(T ) = 2 for every cyclic tournament T of (odd) order 2p+1 ≥ 3. Let V (T ) = {0, . . . , 2p} for every such tournament. Albertson and Collins conjectured in 1999 that the canonical 2-labeling λ * given by λ * (i) = 1 if and only if i ≤ p is distinguishing.
Introduction
An r-labeling of a graph or digraph G is a mapping λ from the set of vertices V (G) of G to the set of labels {1, . . . , r}. An automorphism φ of G is λ-preserving if λ(φ(u)) = λ(u) for every vertex u of G. An r-labeling λ of G is distinguishing if the only λ-preserving automorphism of G is the identity, that is, the labeling λ breaks all the symmetries of G. In [4] , Albertson and Collins introduced the distinguishing number of G, denoted D(G), defined as the smallest r for which G admits a distinguishing r-labeling.
A digraph G is rigid (or asymmetric) if the only automorphism of G is the identity. Therefore, D(G) = 1 if and only if G is rigid.
In the last decade, distinguishing numbers have been studied for several families of graphs, such as trees [11, 25] , interval graphs [12] , planar graphs [5] , hypercubes [6] , Cartesian products of graphs [1, 9, 13, 17, 19] and of complete graphs [14, 16] , Kneser graphs [2, 10] , or infinite with respect to φ is the set {u, φ(u), . . . , φ q−1 (u)}, where q is the order of u with respect to φ, that is the smallest integer for which φ q (u) = u (note that the order of u necessarily divides the order of φ). A tournament cannot admit an automorphism of order 2 (such an automorphism would interchange the ends of some arc) and thus the automorphism group of a tournament has odd order and every orbit of an automorphism of a tournament contains either 1 or at least 3 elements. Note also that if v is fixed by an automorphism φ and the orbit of u with respect to φ is of size at least 3, then all vertices in the orbit of u agree on v. Moreover, if the orbits of u and u ′ with respect to φ are of size at least 3 (these two orbits being not necessarily distinct), then all vertices in the orbit of u have the same number of in-neighbours (and thus of out-neighbours) in the orbit of u ′ .
The transitive tournament of order n, denoted T T n , is defined by V (T T n ) = {0, . . . , n − 1} and, for every i, j ∈ V (T T n ), ij is an arc whenever i < j. Clearly, every transitive tournament is rigid (all its vertices have distinct indegrees) and thus D(T T n ) = 1 for every n. The almost transitive tournament of order n, denoted T T * n , is obtained from T T n by reversing the arc from 0 to n − 1. The tournament T T * n is thus Hamiltonian. It is also known that every almost transitive tournament is rigid, and thus D(T T * n ) = 1 for every n. Let p be an integer, p ≥ 1, and S be a subset of Z 2p+1 \{0} such that for every k ∈ Z 2p+1 \{0}, |S ∩ {k, 2p + 1 − k}| = 1. Let S + = S ∩ {1, . . . , p}, and S − = {1, . . . , p} \ S + .
We call the elements of S + the positive connectors of the cyclic tournament T (2p + 1, S) and the elements of S − the negative connectors of T (2p + 1, S). Note that knowing either S + or S − is enough to determine S since S = S + ∪ −s : s ∈ {1, . . . , p} \ S + .
Therefore, we will preferably denote the cyclic tournament T = T (2p+1; S) by T = T (2p+1; S − ) whenever we deal with an explicit set S. In that case, for every i, j ∈ Z 2p+1 , i < j, ij is an arc in T = T (2p + 1; S − ) if and only if j − i / ∈ S − . Note that for any cyclic tournament T = T (2p + 1; S) and every vertex u ∈ T , d
The converse T c of a tournament T is obtained from T be reversing all the arcs. Clearly, the converse of any cyclic tournament T = T (2p + 1; S) is the cyclic tournament T c = T (2p + 1; S c ) with S c = {1, . . . , 2p} \ S. Moreover, T and T c are isomorphic, via the mapping γ defined by γ(0) = 0 and γ(i) = 2p + 1 − i for every i ∈ V (T ) \ {0}.
Pseudo-cyclic tournaments
Let T = T (2p + 1; S) be a cyclic tournament and i, j two vertices of T with i < j. We denote by T i,j the subtournament of T induced by the set of vertices {i, i + 1, . . . , j}. Note that the subtournament T i,j is not necessarily a cyclic tournament.
In the rest of this paper, we will call the 2-labeling λ * defined in Conjecture 2 the canonical 2-labeling of T . The canonical 2-labeling λ * thus assigns label 1 to vertices of T 0,p and label 2 to vertices of T p+1,2p .
Since the tournament T = T (2p + 1; S) is cyclic, the subtournaments T p+1,2p and T 0,p−1 are isomorphic. Recall that the set S is characterized by the set S − of its negative connectors. In the following, we will thus study (not necessarily cyclic) tournaments of the following form:
Definition 3 Let N be a subset of Z p+1 \ {0}, p ≥ 2. The pseudo-cyclic tournament P = P (p; N ) is the tournament of order p + 1 defined by V (P ) = Z p+1 and ij, i > j, is an arc in P if and only if i − j ∈ N .
Note that if T = T (2p + 1; S) is a cyclic tournament then T 0,p = P (p; S − ), and
. We first prove that T = T (2p + 1; S) satisfies Albertson-Collins Conjecture whenever T 0,p or T p+1,2p is rigid.
Proposition 4 Let T = T (2p + 1; S) be a cyclic tournament. If T 0,p is rigid or T p+1,2p is rigid then the canonical 2-labeling λ * of T is distinguishing.
Proof. Let φ be a λ * -preserving automorphism of T , that is, λ * • φ = λ * , and let φ 1 and φ 2 denote the restriction of φ to T 0,p and T p+1,2p , respectively. Since λ * • φ = λ * , both φ 1 and φ 2 are automorphisms. Moreover, since T 0,p is rigid or T p+1,2p is rigid, we get φ 1 = Id or φ 2 = Id. We will prove that we necessarily have φ 1 = φ 2 = Id, which gives φ = Id so that λ * is a distinguishing labeling of T .
Suppose first that φ 1 = Id and assume to the contrary that φ 2 = Id. Let a 1 ∈ {p+1, . . . , 2p} be the "smallest" non-fixed vertex of T p+1,2p . Since T is cyclic, we can assume without loss of generality a 1 = p+1. (If a 1 = p+1, by using the "shift" automorphism α : i → i+a 1 −p−1, the subtournaments T 0,p and T p+1,2p are shifted to T a 1 −p−1,a 1 −1 and T a 1 ,a 1 −p−2 , respectively. The two restricted automorphisms φ 1 and φ 2 become φ ′ 1 = αφ 1 α −1 and φ ′ 2 = αφ 2 α −1 , respectively, and we still have φ ′ 1 = Id.) Since the order of a 1 with respect to φ 2 is odd, a 1 necessarily belongs to a cycle in T p+1,2p and thus to a 3-cycle in T p+1,2p , say a 1 a 2 a 3 .
Since a 1 a 2 a 3 is a 3-cycle, we get {a 2 −a 1 , a 3 −a 2 , a 1 −a 3 } ⊆ S. If a 2 < a 3 , let w = a 1 −a 3 +a 2 , so that wa 1 is an arc of T . We then have w ∈ V (T 0,p ) and thus, since w is fixed by φ, wa 1 and wa 2 are both arcs of T , a contradiction since a 2 − w = a 3 − a 1 and a 3 − a 1 / ∈ S. If a 2 > a 3 , we get a similar contradiction by considering the vertex w = a 1 + a 3 − a 2 : a 1 w is an arc of T , again w ∈ V (T 0,p ), which implies that a 1 w and a 3 w are both arcs of T , a contradiction since w − a 3 = a 1 − a 2 / ∈ S. The case φ 2 = Id is similar.
Note that Proposition 4 implies that whenever T 0,p or T p+1,2p is rigid, both sets V (T 0,p ) and V (T p+1,2p ) are Aut(T )-regular. It should also be noticed that the condition in Proposition 4 is sufficient for a cyclic tournament to satisfy Albertson-Collins Conjecture but not necessary, as shown by the following example.
Example 5 Consider the cyclic tournament T = T (13; {2, 5, 6}). The automorphism group of T only contains rotations (that is, mappings φ : i → i + b, 0 ≤ b ≤ 12), so that the canonical 2-labeling λ * is clearly distinguishing, and thus T satisfies Albertson-Collins Conjecture. However, none of the subtournaments T 0,6 and T 7,12 is rigid. The subtournament T 0,6 = P (6; {2, 5, 6}) admits an automorphism of order 3, namely φ ′ = (0, 3, 6) , and the subtournament T 7,12 = P (5; {2, 5}) also admits an automorphism of order 3, namely φ ′′ = (0, 1, 2)(3, 4, 5).
Moreover, we have the following:
Proposition 6 Let T = T (2p + 1; S) be a cyclic tournament and λ * be the canonical 2-labeling of T . If φ is a nontrivial λ * -preserving automorphism of T , then neither T 0,p nor T p+1,2p has a unique orbit with respect to φ.
Proof. Suppose first that T 0,p has a unique orbit with respect to φ, which implies that p is even. No vertex a of T p+1,2p can be fixed by φ, since otherwise we would have either d
in contradiction with the definition of T . Therefore, there is an even number of orbits in T p+1,2p , of respective odd sizes p 1 , . . . , p 2ℓ , ℓ ≥ 1, with p i ≥ 3 for every i, 1 ≤ i ≤ 2ℓ, and 2ℓ i=1 p i = p. Since p 1 < p, the automorphism φ 1 = φ p 1 is λ * -preserving and T 0,p has a unique orbit with respect to φ 1 . But φ 1 fixes p 1 vertices of T p+1,2p , contradicting the above remark.
Suppose now that T p+1,2p has a unique orbit, which implies that p is odd. As before, we claim that no vertex of T 0,p is fixed by φ. Assume to the contrary that a is such a vertex. We then have either d − T (a) = 0 or d − T (a) = p, which implies |S − | = 0 or |S − | = p, respectively. In both cases, we get that T 0,p is transitive, and thus rigid, which implies φ = Id by Proposition 4, a contradiction. Therefore, there is an odd number of orbits of size at least 3 in T 0,p (this number is at least 3, as proved before), and a contradiction arises as in the previous case.
Let P = P (p; N ) be a pseudo-cyclic tournament. The indegree sequence of P is the sequence defined by:
for any vertex i of P is given by the following:
Proof. By definition of P , there is an arc from j to i, j > i, if and only if j − i ∈ N . Hence,
Therefore, we get d
From Proposition 7, we get that for every pseudo-cyclic tournament P = P (p; N ), d 
Finally, if p is odd, we have
This completes the proof.
Note that is p is odd, the value of d
is either 1 or −1. We can then define three types of vertices as follows:
, is said to be:
A pseudo-cyclic tournament P = P (p; N ) is cyclic if and only if all its vertices have the same indegree, which implies p is even and |N | = 
Moreover, we have the following:
This observation directly follows from the fact that d
for every vertex i. We will denote by α(P ), δ(P ) and π(P ) the number of ascent-vertices, descent-vertices and plateau-vertices in σ(P ), respectively. Moreover, according to the three above types of vertices, we define three types of subsequences of the indegree sequence σ(P ):
Note here that an ascent, a descent or a plateau of size k contains k − 1 ascent-vertices, descent-vertices or plateau-vertices, respectively. and is represented by the (centrally symmetric) indegree path of P depicted on Figure 1(b). We then have π(P ) = 2, δ(P ) = 2 and α(P ) = 4.
The number of descent-vertices and the number of plateau-vertices are related to the cardinality of the set N as follows:
Proof. If N = ∅ then σ(P ) = (0, 1, . . . , p) (P is transitive), so that δ(P ) = π(P ) = 0 and we are done. Otherwise, let N = {a 1 , . . . , a q }, so that |N | = q ≥ 1. We claim that each a i generates either a descent-vertex or two plateau-vertices. Indeed, for each a i , either p + 1 − a i ∈ N , which implies that both vertices a i − 1 and p − a i are plateau-vertices, or p + 1 − a i ∈ N , which implies that a i − 1 is a descent-vertex. We thus get |N | = δ(P ) + 1 2 π(P ), as required. The following proposition shows that vertices with same indegree in a pseudo-cyclic tournament are necessarily "not too far" from each other:
Proposition 15 Let P = P (p; N ) be a pseudo-cyclic tournament. If i and j are two vertices of P with i < j and d
Proof. Let i and j be such that 0 ≤ i < j ≤ p 2 and j > i + |N |. By Proposition 7, we have
Since the indegree path of P is centrally symmetric, the result also holds when
Again, we get d
Finally, a property that will be useful in the sequel is the following:
pseudo-cyclic tournament. If a vertex i is fixed by every automorphism of P , then the vertex p − i is also fixed by every automorphism of P .
Proof. Suppose to the contrary that i is fixed by every automorphism of P and that there exists an automorphism φ of P such that φ(p − i) = p − i.
Let φ * : V (P ) −→ V (P ) be the mapping defined by φ * (i) = p − φ(p − i) for every i ∈ V (P ). We claim that φ * ∈ Aut(P ). Let ij be an arc in P with i > j, that is i − j ∈ N . We then have φ
The case of an arc ij with i < j is similar, and thus φ * ∈ Aut(P ). We then have φ * (i) = p − φ(p − i) = i, contradicting the fact that i is fixed by every automorphism of P .
This immediately gives the following:
Corollary 17 Let P = P (p; N ) be a pseudo-cyclic tournament. If all vertices i ≤ p 2 of P are fixed by every automorphism of P then P is rigid.
Cyclic tournaments satisfying Albertson-Collins Conjecture
In this section, we will prove that several classes of cyclic tournaments T (2p + 1; S) satisfy Albertson-Collins Conjecture. We first propose a few sufficient conditions for a cyclic tournament to satisfy Albertson-Collins Conjecture and then consider several specific classes of cyclic tournaments, depending on the structure of the set S of connectors.
Simple sufficient conditions
By Proposition 6, for every nontrivial λ * -preserving automorphism φ of T = T (2p + 1; S), none of T 0,p and T p+1,2p has a unique orbit with respect to φ. Using this property, we can prove the following:
Lemma 18
The cyclic tournament T = T (2p + 1; S) satisfies Albertson-Collins Conjecture whenever one of the following conditions is satisfied:
Proof. Recall that for every cyclic tournament T n of order n, the n rotations of T n form a subgroup of Aut(T n ). In Case 1, Aut(T ) contains only rotations, so that λ * is clearly distinguishing. In Case 2, T 0,p is a cyclic tournament and every automorphism of T 0,p is a rotation. Therefore, the restriction φ 1 to T 0,p of any λ * -preserving automorphism φ of T is a rotation and thus φ 1 = Id. The result then follows by Proposition 6. Case 3 is similar, using T p+1,2p instead of T 0,p .
Let T be a tournament. We denote by V d (T ), d ≥ 0, the set of vertices of T with indegree d. Since any automorphism maps every vertex to a vertex with same degree, we have the following:
This lemma directly gives the following results:
Proof. The result directly follows from Lemma 19 and Proposition 4. Proof. Consider the pseudo-cyclic subtournament P = T 0,p . By Proposition 15, we know that if two vertices i and j, i < j, have the same indegree in P then j − i ≤ 2|S − |. Since min(S − ) ≥ 2|S − |, we get that the subtournament P [V d (P )] is either transitive or almost transitive, and thus rigid, for every d, d ≥ 0. The result then follows by Theorem 20.
Cyclic tournaments with few negative connectors
We consider in this subsection the case of cyclic tournaments with at most two negative connectors. We prove that every such tournament satisfies Albertson-Collins Conjecture.
Theorem 22 If T = T (2p + 1; S) is a cyclic tournament with p ≥ 2 and |S
Proof. We will prove that one of the two subtournaments P 1 = T 0,p or P 2 = T p+1,2p is rigid, so that the result follows by Proposition 4. If S − = ∅ then P 1 is transitive and thus rigid.
If |S − | = 1, say S − = {a}, then, by Proposition 7, the indegree of any vertex i of P 1 is as follows:
otherwise.
Assume now that |S − | = 2 and let S − = {a 1 , a 2 }. If p = 2 then P 2 has order 2 and is thus rigid. If p = 3 then either S − = {1, 2}, S − = {1, 3} or S − = {2, 3}. It is then easily checked that |V 1 (P 1 )| = |V 2 (P 1 )| = 2 in all cases, so that P 1 satisfies the conditions of Lemma 19 and we are done.
Suppose thus that p > 3 and, moreover, that p is even (if p is odd we simply consider P 2 instead of P 1 ). By Proposition 14, we know that δ(P 1 ) + 1 2 π(P 1 ) = 2. We thus have three cases to consider:
1. δ(P 1 ) = 2 and π(P 1 ) = 0.
In that case, the sequence σ(P ) has no plateau and exactly two descent-vertices, say d 1 and d 2 . Since σ(P 1 ) is centrally symmetric and p is even, we necessarily have Figure 2(a) ). Moreover, since p > 3, the vertex 0 cannot be a descent-vertex (this would imply p 2 = 1) and thus 1 / ∈ S − . The only set V d (P 1 ) containing more than two elements is thus V p Since δ(P 1 ) = 1, we cannot have two consecutive descent-vertices in P 1 . Therefore, since σ(P 1 ) is centrally symmetric, if i is a descent-vertex then p−(i+1) is also a descent-vertex. As δ(P 1 ) = 1, we must have i = p − (i + 1), in contradiction with our assumption on the parity of p. Hence, this case cannot happen. 
∈ N , vertices i and i + 1 disagree on 0. Since vertex 0 is fixed by every automorphism of P 1 , i and i + 1 cannot belong to the same orbit and thus, by Corollary 17, P 1 is rigid. If i > 0 and p − i ∈ N , we get the same conclusion since, in that case, either i + 2 ∈ N , which implies that i and i + 2 disagree on 0, or p − i − 1 ∈ N , which implies, since p − i − 2 / ∈ N , that i and i + 2 disagree on p (and p is fixed by every automorphism of P 1 ). Suppose finally that i = 0. Since p is even, the vertex 3 is not a plateau-vertex and thus is fixed by every automorphism of P 1 . If 0, 1 and 2 disagree on 3, these three vertices cannot belong to the same orbit and P 1 is rigid thanks to Corollary 17. Otherwise, since 3 cannot be an in-neighbour of 0, 1 and 2 (this would imply |N | ≥ 3), 3 is an out-neighbour of 0, 1 and 2, so that 1, 2 / ∈ N , which implies that P 1 [{0, 1, 2}] is transitive, and P 1 is rigid by Lemma 19. 
Suppose first that p > 4, so that 1 / ∈ N (otherwise, this would imply 1 = p 2 − 1). If {2, 3}∩N = ∅ (which happens in particular if p ≥ 10), the subtournament V p 2 (P 1 ) is either transitive or almost transitive, and thus rigid, so that P 1 is rigid by Lemma 19 (this also follows from Theorem 21). Suppose now that p ∈ {6, 8}, so that vertices 0 and p are fixed by every automorphism of P 1 . If all vertices belonging to the plateau are fixed by every automorphism of P 1 then P 1 is rigid by Lemma 19. Otherwise, some of these vertices may form an orbit, say O, of size 3 or 5. Considering the structure of the set N , we get that the vertex 0 has three out-neighbours and two in-neighbours in { (otherwise, we consider P c instead of P and we have |N c | = |N |, so that either N = {2, 4} or N = {3, 4} and, in both cases, P 1 is a cyclic tournament. Due to our initial assumption on the parity of p, this case occurs either if T = T (9; N ), in which case P (4; N ) = P 1 , or T = T (11; N ), in which case P (4; N ) = P 2 , so that P 1 = P (5; N ). In the former case, the pseudo-tournament P 2 is then either P (3; {2}) or P (3; {3}), respectively. In both cases, P 2 is rigid since |N | = 1.
In the latter case, we will prove that P = P (5; N ) is rigid. We consider two subcases, according to the set N : i. N = {2, 4}.
In that case, we have V 2 (P ) = {0, 2, 4} and V 3 (P ) = {1, 3, 5}. Since both subtournaments P [V 2 (P )] and P [V 3 (P )] are transitive, P is rigid by Lemma 19. ii. N = {3, 4}.
In that case, we have V 2 (P ) = {0, 3, 4} and V 3 (P ) = {1, 2, 5}. Again, both subtournaments P [V 2 (P )] and P [V 3 (P )] are transitive, P is rigid by Lemma 19. This completes the proof.
For proving Theorem 22, we showed that whenever |S − | ≤ 2, at least one of the two subtournaments T 0,p or T p+1,2p of the cyclic tournament T = T (2p + 1; S) is rigid. It should be noticed that this property does not hold in general when |S − | ≥ 3, as shown by the cyclic tournament T = T (13; {2, 5, 6}) given in Example 5.
Since any tournament T is isomorphic to its converse, Theorem 22 gives the following:
The set S − forms an interval
Observe first the following easy result: Proof. This directly follows from Theorem 22 since we have either |S − | = 0 or |S − | = 1.
In fact, we can prove that whenever the set S − of negative connectors forms an interval of integers, the corresponding cyclic tournament T (2p+1; S) satisfies Albertson-Collins Conjecture.
We first prove two lemmas. The first one says that for every pseudo-cyclic tournament P , if vertices 0, . . . , i − 1 are fixed by every automorphism of P , i is the first vertex of a plateau whose corresponding negative connectors form an interval and every vertex outside the plateau having the same indegree as the vertices of the plateau is fixed by every automorphism of P , then all vertices of the plateau are also fixed by every automorphism of P .
Lemma 25 Let P = P (p; N ) be a pseudo-cyclic tournament, and i a vertex of P with i < (i) every vertex j, 0 ≤ j < i, is fixed by every automorphism of P ,
is fixed by every automorphism of P .
Then, every vertex in {i, i + 1, . . . , i + k − 1} is fixed by every automorphism of P .
Proof. Suppose that P and i satisfy the conditions of the lemma. According to condition (iv), it is enough to prove that no two vertices in {i, i + 1, . . . , i + k − 1} can belong to the same orbit with respect to any automorphism of P . Observe that i / ∈ N since i − 1 is an ascent-vertex. We consider two cases, according to the position of the plateau:
We consider two subcases, depending on the corresponding interval of negative connectors:
In that case, P contains arcs 0i, (i + 1)0, . . . , (i + k − 1)0, so that i and all other vertices of the plateau disagree on 0, and thus i cannot belong to the same orbit of another vertex of the plateau with respect to any automorphism of P . Similarly, for every j = i + 1, . . . , i + k − 1 (in that order), j and vertices j + 1, . . . , i + k − 1 disagree on j − i (which is fixed by every automorphism of P ), so that j cannot belong to the same orbit of another vertex of the plateau with respect to any automorphism of P . Therefore, all vertices of the plateau are fixed by every automorphism of P .
If 0 is an ascent-vertex or the first vertex of a plateau of size 2, then 0 is fixed by every automorphism of P . If 0 is the first vertex of a plateau (0, . . . , k − 1) of size k ≥ 3, then the subtournament induced by this plateau is transitive since we have either [ 
Therefore, all vertices 0, . . . , k − 1 are fixed by every automorphism of P .
Suppose now that all vertices 0, . . . , i − 1 < p 2 are fixed by every automorphism of P . If i is an ascent-vertex then i is fixed by every automorphism of P , otherwise i is the first vertex of a plateau and the result follows from Lemma 25.
The case α(P ) = 0 and δ(P ) > 0 follows from Observation 11, considering P c instead of P (we then have δ(P c ) = 0 and α(P c ) > 0).
Note that conditions (iii) and (iv) in Lemma 26 are both necessary. For instance, the pseudo-cyclic tournament P = P (5; {2, 5}) has only ascent-vertices and plateau-vertices (we have σ(P ) = (2, 2, 2, 3, 3, 3) ) while (0, 1, 2)(3, 4, 5) is an automorphism of P so that P is not rigid, and thus condition (iii) is necessary. On the other hand, the pseudo-cyclic tournament P = P (8; {2, 3, 5}) has only ascent-vertices and plateau-vertices, but a unique central plateau (we have σ(P ) = (3, 4, . . . , 4, 5) ) while (1, 4, 7) is an automorphism of P so that P is not rigid, and thus condition (iv) is necessary.
We are now able to prove the following:
. We consider three subcases, corresponding to the three possible forms of the indegree path of P .
(a) a + b = p + 1.
In that case, no vertex in P can be a plateau-vertex, and thus the indegree path of P contains an ascent, a descent and an ascent (see Figure 4(a) ). Therefore, each set V d (P ) has cardinality at most 2 and P is rigid by Lemma 19.
In that case, vertices 0, . . . , p − b − 1 (if a = 1) or 0, . . . , a − 1 (if p = b) are plateauvertices, and thus the indegree path of P contains a plateau of size p − b + 1 or a + 1, a descent and a plateau of size p − b + 1 or a + 1 (see Figure 4 (b) for the case a = 1). In both cases, the subtournaments induced by these plateaus are transitive, so that every vertex of P is fixed by every automorphism of P and P is rigid by Corollary 17. (c) 1 < a, b < p and a + b = p + 1.
In that case, the indegree path of P contains an ascent, a plateau, a descent, a plateau and an ascent (see Figure 4 (c)). Every vertex not belonging to a plateau belongs to a set V d (P ) with cardinality 2 and is thus fixed by every automorphism of P . By Lemma 25, every vertex belonging to a plateau is also fixed by every automorphism of P . Using now Corollary 17, we get that P is rigid. 2. b − a + 1 = p 2 . Note first that since a ≤ p 2 < b, we necessarily have a > 1 and b < p. The indegree path of P contains an ascent, possibly a plateau, a descent, possibly a plateau and an ascent. More precisely, σ(P ) contains a plateau if and only if a+b = p+1 (see Figure 5(a) and (b) ). Moreover, since d (P ) is a 3-cycle). Only two other sets V d (P ) may have cardinality at least 3, namely those two sets corresponding to the two plateaus. We consider three subcases, depending on the values of a and b.
(a) a > 2 and b < p − 1.
We first prove that every vertex in V p 2 (P ) = {0, In that case, we thus have a = In that case, we thus have b = p 2 + 1. The first plateau contains vertices 1 to p 2 − 1 and is isomorphic to the pseudo-cyclic tournament P C = P (
. Since P C c is rigid by Theorem 22, P C is rigid. Now, since vertices 0 and p disagree on 1, the three vertices {0, p 2 , p} are all fixed by every automorphism of P and, again, the result follows by Corollary 17.
The indegree path of P contains an ascent, possibly a plateau (if a = p + 1 − b), a descent, possibly a plateau and an ascent. If a ≤ p + 1 − b, the first vertex of the first plateau is a− 1 and its last vertex is p − b (so that there is no plateau if a = p + 1− b). If a > p + 1− b, the first vertex of the first plateau is p − b and its last vertex is a − 1. We will prove that every vertex of P is fixed by every automorphism of P . Note that d
We consider two subcases, depending on whether σ(P ) contains a plateau or not.
(a) a = p + 1 − b.
In that case, σ(P ) does not contain any plateau, the first vertex of the descent is a − 1 and its last vertex is b. Figure 6 (a)) then |V p−b (P )| = 2 and thus b is fixed by every automorphism of P . If p − b > b − a + 1 (see Figure 6 (b)) then |V p−b (P )| = 1 and thus, again, b is fixed by every automorphism of P . Now, we claim that every set V d (P ) with |V d (P )| = 3 contains three fixed vertices. Each such set is of the form {i, j, k}, i < j < k, with j + k = 2b. Then, j and k disagree on b (since b − j = k − b < p − b, so that jb and bk are arcs in P ) and, as b is fixed by every automorphism of P , i, j and k are also fixed by every automorphism of P . The result then follows by Corollary 17.
In that case, the vertex a − 1 is either the first or the last vertex of the first plateau We first claim that whenever 0 is fixed by every automorphism of P , all vertices belonging to a set V d (P ) with |V d (P )| = 3 are also fixed by every automorphism of P . Indeed, for any such set {i, j, k} with i < j < k, we have i < a−1 and a−1 < j < b, so that i and j disagree on 0. Therefore, i, j and k are all fixed by every automorphism of P . We now consider three subcases, depending on the values of d
In that case (see Figure 7(a) ), the vertex 0 is fixed by every automorphism of P , so that all vertices belonging to a set V d (P ) with |V d (P )| = 3 are also fixed by every automorphism of P . If a − 1 is the first vertex of the first plateau, let x > be the unique vertex with d
Since x is the unique out-neighbour of 0 in V a−1 (P ) (as x < a and p − a + 1 > a, which gives V a−1 (P ) ∩ S − = {p − a+ 1, . . . , b}), x is fixed by every automorphism of P and, by Proposition 16, p − x is also fixed by every automorphism of P . Therefore, by Lemma 25, every vertex belonging to the first plateau is fixed by every automorphism of P . The result then follows by Corollary 17.
Suppose first that a−1 is the last vertex of the first plateau (that is, a > p+1−b), so that b is the last vertex of the second plateau. In that case, the vertices of the second plateau induce a transitive tournament and they all agree on 0. Therefore, the subtournament induced by vertices of V b−a+1 (P ) is rigid, so that all its vertices, and in particular 0, are fixed by every automorphism of P . Hence, all vertices belonging to a set V d (P ) with |V d (P )| = 3 are also fixed by every automorphism of P . By Proposition 16, all vertices of the first plateau are also fixed by every automorphism of P and, again, the result follows by Corollary 17. of x (since x − 1 ≥ b + a − 1 > b) and an out-neighbour of 0, a contradiction since all vertices in {0, b, x} should agree on every vertex fixed by φ. Therefore, 0 is fixed by every automorphism of P , so that all vertices belonging to a set V d (P ) with |V d (P )| = 3 are also fixed by every automorphism of P . By Proposition 16, p is also fixed by every automorphism of P and thus, by Lemma 25, every vertex of the first plateau is fixed by every automorphism of P . The result then follows by Corollary 17.
Suppose first that a−1 is the last vertex of the first plateau (that is, a > p+1−b), so that b is the last vertex of the second plateau (see Figure 7(c) ). In that case, the vertices of each plateau induce a transitive tournament and thus all vertices of these plateaus are fixed by every automorphism of P . Consider the set V b−a+1 = {0, x, y} = {0, p−b+a−1, 2b−2a+2}. Vertices 0 and p−b+a−1 disagree on p−a+1 (since p−a+1 ∈ S − and q = p−a+1−(p−b+a−1) < p−b < a−1 so that q / ∈ S − ), which is fixed by every automorphism of P , and thus 0, p − b + a − 1 and 2b − 2a + 2 are all fixed by every automorphism of P . Therefore, all vertices belonging to a set V d (P ) with |V d (P )| = 3 are also fixed by every automorphism of P , and the result follows by Corollary 17.
Suppose now that a−1 is the first vertex of the first plateau (that is, a < p+1−b), so that b is the first vertex of the second plateau. We first prove that the vertex 0 is fixed by every automorphism of P . Suppose to the contrary that with respect to some automorphism φ of P , 0 belongs to an orbit of size 3, say a 3-cycle 0xy, with a < x < b and y > b + 1, so that x0, 0y and yx are arcs in P , implying in particular a ≤ y − i ≤ b. Consider now the set V b−a+2 = {1, x − 1, y + 1}. Since 1 < a, a ≤ x − 2 (as a − 1 < p 2 < x) and x < b, we get that 01, x1, (x − 1)0 and (x − 1)x are all arcs in P , so that 1 and x − 1 disagree on the orbit of 0. This implies that V b−a+2 cannot be an orbit with respect to φ, so that, in particular, 1 is fixed by φ. Now, note that 1 is an in-neighbour of y (since y − 1 > b) and an out-neighbour of 0, a contradiction since all vertices in {0, x, y} should agree on every vertex fixed by φ. Therefore, 0 is fixed by every automorphism of P , so that all vertices belonging to a set V d (P ) with |V d (P )| = 3 are also fixed by every automorphism of P . By Lemma 25, every vertex of the first plateau is fixed by every automorphism of P and the result follows by Corollary 17.
This concludes the proof.
Again, since any tournament T is isomorphic to its converse, Theorem 27 gives the following:
Paley tournaments
Let n be a prime, n ≡ 3 (mod 4), so that n = 2p + 1 with p odd. The Paley tournament is the cyclic tournament QR n = T (n; S n ) where S + n is the set of non-zero quadratic residues of n. That is, for every i, j, i < j, ij is an arc in QR n if and only if j − i is a non-zero square in Z n . Paley tournaments are arc-transitive and the set Aut(QR n ) is the set of mappings i → ai + b, where a, b ∈ Z n and a is a non-zero square. Since the number of non-zero squares in Z n is p = n 2 , we thus have |Aut(QR n )| = np. Proof. Suppose to the contrary that there exists a λ * -preserving nontrivial automorphism φ : i → ai + b, with a, b ∈ Z n and a is a non-zero quadratic residue and let ℓ denote the order of φ.
Consider the action on V (QR n ) of the group H = < φ > = {φ k : 1 ≤ k ≤ ℓ}. Note that |H| divides |Aut(QR n )| = np and, since φ is λ * -preserving, |H| divides p. Moreover, p cannot be prime, since otherwise the subtournament T 2 of QR n induced by vertices {p + 1, . . . , 2p} would have a unique orbit with respect to φ, in contradiction with Proposition 6.
We claim that we necessarily have b = 0. Assume to the contrary that b = 0 and let r be the size of the orbit of 0 with respect to φ. We have φ(0) = b, φ 2 (0) = ab + b and so on, so that Therefore, a r b = b and thus a r = 1. Since a is a non-zero quadratic residue in Z n , its order in the multiplicative group Z * n is p and thus p | r. Moreover, since φ is λ * -preserving, we have r = p. Hence, the subtournament T 1 of QR n induced by vertices {0, . . . , p} contains a fixed vertex x such that all vertices of the orbit of 0 agree on x, which implies either d
(x) = p in contradiction with the definition of QR n since both sets {1, . . . , p} and {p + 1, . . . , 2p} contain non-zero quadratic residues.
We thus have b = 0, so that 0 is fixed by φ. Moreover, the orbit of 1 with respect to φ is {1, a, a 2 , . . . , a p−1 } (recall that the order of a in the multiplicative group Z * n is p) and its size is p. Since φ is λ * -preserving, the orbit of 1 is thus {1, . . . , p}. Therefore, all vertices in {1, . . . , p} agree on 0 and we obtain a contradiction as above.
Discussion
In this paper, we proposed several sufficient conditions for a cyclic tournament to satisfy Albertson-Collins Conjecture. Proposition 4 says that the cyclic tournament T = T (2p + 1; S) satisfies Albertson-Collins Conjecture whenever any of the subtournaments T 0,p or T p+1,2p is rigid (however, this condition is not necessary, as shown by Example 5) . Using this property, we then got several sufficient conditions on the structure of the set S − of negative connectors for at least one of these two subtournaments to be rigid.
We finally propose some directions for future research.
1. The main question following our work is obviously to prove, or disprove, Albertson-Collins Conjecture.
2. In [8] , Collins introduced the notion of a determining set of a graph G, that is, a subset X of V (G) such that, for every two automorphisms φ 1 , φ 2 ∈ Aut(G), φ 1 = φ 2 whenever φ 1 (x) = φ 2 (x) for every vertex x ∈ X. Albertson and Boutin proved in [2] that D(G) ≤ d if and only if G has a determining set X with D(X) ≤ d − 1. Therefore D(G) = 2 if and only if the subgraph of G induced by X is rigid.
For each cyclic tournament T of order 2p + 1 for which we proved Albertson-Collins Conjecture, we exhibited a rigid determining set of size at most p 2 . It is not difficult to see that every Paley tournament has a rigid determining set of size 2 (indeed, every pair of vertices is a rigid determining set). In [22] , Lozano proved that every tournament contains a (not necessarily rigid) determining set of size p 3 . It would thus be interesting to determine the minimal size of a rigid determining set in a cyclic tournament.
